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Abstract. We study the dynamics of the electron current in nanodevices where there are time-varying components and interactions.
These devices are a nanojunction attached to heat baths and with dynamical electron-phonon interactions, and a nanojunction with
photon beams incident and reflected at the channel. We use the two-time nonequilibrium Green’s functions technique to calculate
the time-dependent electron current flowing across the devices. We find that whenever a sudden change occurs in the device,
the current takes time to react to the abrupt change, overshoots, oscillates, and eventually settles down to a steady value. With
dynamical electron-phonon interactions, the interaction gives rise to a net resistance that reduces the flow of current across the
device when a source-drain bias potential is attached. In the presence of dynamical electron-photon interactions, the photons drive
the electrons to flow. The direction of flow, however, depends on the frequencies of the incident photons. Furthermore, the direction
of electron flow in one lead is exactly opposite to the direction of flow in the other lead thereby resulting in no net change in current
flowing across the device.

MODELING THE NANODEVICES

The advent of nanometer-scale electronics has lead to compact smart devices containing considerable computing
power. As the sizes of electronic components shrink, however, electrons in the devices are restricted to flow within
very confined dimensions. In such cases, quantum-mechanical and nonequilibrium effects are important. In this paper,
we study the dynamics of electron currents in nanojunctions with time-varying components and interactions. We use
the two-time nonequilibrium Green’s function technique [1, 2] to calculate the current flowing across the devices.
The nonequilibrium Green’s function technique can be used in the study of many-body quantum systems that are
partitioned into sub-parts. For example, the technique has been used in the study of transport through quantum dots
[3, 4, 5], a nanorelay [6], a carbon nanotube transistor [7], photon-assisted tunneling devices [8] and a nanojunction
with a time-varying gate potential [9]. In this paper, we study electron transport in a nanojunction attached to heat
baths with dynamical electron-phonon interactions, and a nanojunction with an incident photon beam striking the
channel.

Shown in Fig. 1(a) is an illustration of a nanojunction with left and right heat baths attached to the channel. The
heat baths have temperatures 7};, > T and therefore phonons flow from the left to the right heat bath. The direction
of electron flow, on the other hand, depends on the sign of the source-drain bias potential V3. We call the source as the
left lead and the drain as the right lead. The left and right leads have chemical potentials g and ur and temperatures
TL and TR. We use the tight-binding approximation to model the devices. The Hamiltonian for the left and right leads
are Hl‘ = sk a}:ak + 3, vkj (a,taj + aj.ak) and Hf =3 s? b}:bk + 3 vfj (b,tbj + bj.bk), where a; and az are the electron
annihilation and creation operators at site £ in the left lead, b; and bz are the annihilation and creation operators at
site k in the right lead, the sk and s? are the on-site energies at site k, the vkj and vﬁj are the hopping parameters for
nearest-neighbor sites k and j, and the sums are over all sites in the leads. The leads are connected to the channel with
the leads-channel coupling Hamiltonian H5C = vi© (agcl + c?ao) and HRXC = XC (csz + b;cl), where vi¢ =1 and

o1
szlc = VICZR are the symmetric leads-channel coupling parameters. The Hamiltonian for the phonons in the left and right
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FIGURE 1. An illustration of the nanojunctions with (a) attached heat baths and (b) an incident photon beam. Electrons flow
from the source, through the channel, and then on to the drain. The source-drain bias potential is V. In (a), electrons and phonons
interact within the channel. In (b), the incident photons interact with the electrons flowing within the channel.

heat baths are HL 3 hkl qqu + D, hK q ‘qx and HR > hkR Pl + 2 hK rk, where hkL and hkR are the on-site
energies of the phonons at site k in the heat baths, thk and thk are the phonon hopping parameters between nearest-
neighbor sites ;j and £, qz and g, are the phonon creation and annihilation operators at site & in the left heat bath, and
r;; and 7 are the phonon creation and annihilation operators at site & in the right heat bath. The heat baths are coupled

to the channel via HL¢ = 7 (qop1 + plqo) and HYC = k5 (r; p1+ p?rz), where p! and p are the phonon creation

and annihilation operators in the channel. The Hamiltonian in the channel contains an electron part HS = slc chrcl,

phonon part HS = hkf p}L 1, and the time-dependent electron-phonon interaction term Hecp(t) = M,,() ( py+p 1) cicl,
where M,,(f) is the electron-phonon interaction coupling parameter [10, 11, 12]. The total Hamiltonian of the device
is H = H, + H, + H,,(t), where the time-independent electron part is H, = H- + HX + HS + HLC + HRC, the time-
independent phonon part is H, = Hy + Hx + HS + HyC + HXC, and the time-dependent electron-phonon interaction
term is in H,,(f) = Hecp(t).

We also study a nanojunction where a photon beam is incident on the channel, as illustrated in Fig. 1(b). The
time-independent electron part of the Hamiltonian, H,, is the same as in the previous device. The time-independent
photon part of the Hamiltonian includes H, = H, + Hx+HYS +H},“+HL . The Hamiltonian in the incident and reflected
photon beams are HL Z)(k akak + 3, u; aTak and HR Z)( ,Bk,Bk + u}kﬁT,Bk, where)(k and)(k are the photon
on-site energy at site k in the beams, ujk and ujk are the photon hopping parameters for nearest neighbors j and £, ak

and «; are the photon creation and annihilation operators in the left incident beam, ,BZ and By are the photon creation
and annihilation operators in the right reflected beam, and the sums are over all sites in the photon beams. The beam—
channel coupling parts of the Hamiltonian are HLC = u(%lc (01071 + ylao) and HRC = u21 (ﬁz)q + 71,82) where 71 and
v are the photon creation and annihilation operators at the site in the channel The channel part of the Hamlltoman

contains the time-independent electron part HS = ‘91 cl 11, the time-independent photon part HC )(1 7171, and the
part containing the time-dependent electron-photon interaction ey(t) = M(2) (718 ol gyt elwt) cier, where My, (1)
is the electron-photon interaction strength and w is the frequency of the photon [8, 11, 13]. The total Hamiltonian for
the device is H = H, + H, + H,,(t) where H, is the time-independent electron part, /7, is the time-independent photon
part, and H,,(f) = ny(t) is the time-dependent electron-photon interaction term in the channel.

The electron current flowing out of the left lead can be determined from the time rate of change of the number of
electrons in the lead. Let N* = 3 a @ be the number operator in the left lead. Then, the current out of the left lead is

L .
1L<r>=<—q‘%>=—%([H,NL]) ,ff Vi€ (~(ajen) + (clan)) = 2q Re[ECGS (1) (1)

where the Heisenberg equation of motion is used in the second equality, the Re[ | indicates the real part, and the lesser
nonequilibrium Green’s function is G10 “(t1,b) = L <a0(t2) cl(t1)> Similarly, the electron current flowing out of the
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right lead is
R

IR = <q%> = -2gRe[\5 G (1.0 )
where the lesser nonequilibrium Green’s function G%R‘(tl, ) = % <b;(t2) ci(t )>. The results are the same for the two
Hamiltonians we defined for the two types of nanojunctions we are studying. Note that in both Egs. (1) and (2) a
positive current means it is flowing into the right lead while a negative current means it is flowing into the left lead.
The lesser nonequilibrium Green’s functions needed to determine the left and right currents can be calculated
following the Keldysh-Schwinger formalism where time is on a Keldysh contour in a complex contour-time plane

[1, 2]. We start with the contour-ordered Green’s function G]COL(Tl,Tz) = —% <Tc C](T])ag(T2)>, where 7| and 7, are
contour-time variables and T, is the contour—ordering operator. In the Interaction Picture, the contour-ordered Green’s
function becomes G (‘rl, ) =—1% <T e i JHE)dr ci(1y) a0(72)> where the angled brackets ( )y indicate ensemble

averages with respect to the steady state and the Hamiltonian is separated into H = H, + H,, where Hj is the stationary
part and H; is the time-dependent part. In the nanojunction attached to heat baths, for example, we have H, = Hg,(t)

while in the nanojunction with an incident photon beam H; = Hecy(t).

T
Cezmat _f_wi
«e=-=> = - — — —9 -+ [ —- —_———

T, T, T, T, T, T

FIGURE 2. Connected diagrams for the perturbation expansion of G (11, 72), up to the second-order terms. The wavy lines are
the phonon steady-state Green’s funcition and each 3-vertex represents an electron-phonon interaction coupling.

Consider the nanojunction that is attached to heat baths. The perturbation expansion of the contour-ordered

Green’s function GCL(T1 ,To) using ep(t) as the perturbing Hamiltonian results in the diagrammatic expansion shown
in Fig. 2, up to the second order term. The expansion translates to

GSy(rim) = Gigy(ti ) - f dr’ f dr” GS Lo (11, 7) Mep(t') D (7', 7)) GS (77 7") Mep(t”) Gy (T, 72)
f dr’ f dr” Gifo(11.7) Mep(7') DY (7 77) G (T, 77) Mep(T7) Gy (7. 12), 3)
where the extra 0 subscript indicates a steady-state Green’s function and the phonon steady-state Green’s function in

the channel D1 I 0(‘1’1, Ty) = —+ ( Cpl(‘z'l)pl(‘r2)> The diagram containing the fermionic loop vanishes upon integra-

tion along the Keldysh contour. We then perform analytic continuation and use Langreth’s theorem [1, 2] to Eq. (3) to
determine the associated nonequilibrium Green’s functions in real time. The lesser nonequilibrium Green’s function
becomes

13 3
Gy (tn) = Gyy(n.n)+ fo dt fo dr” Gyl (1, 0) Mop(t) Fo, (1) Mep(t”) Go (¢, 12)
3 3
+ fo dr fo dr’” Gyl (1, 0) Mop(£) Fo (1) Mop(t) GSoa (2 1) 4)
3
+ f dr f dt” Gy oS (t,1) Mep(£) F2,(€ 1) Mop(t) G (1 1),
0

where
ng(t/,l‘") DCCO (t tn) G?l(?(’)r(t,,t") +DCC0 (t t//) GCCO (t ¢ )+DCC0 (t t,,) G?l(?(’)r(t,,t"),
’ CC, ’” CC, ’
Fo (1) Dy (¢, ) Gy (1), (5)
Fo .1 |70
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For the nanojunction with an incident photon beam, we can perform a perturbation expansion of G7 (71, 72) with
Hecy(t) as the perturbing Hamiltonian. The diagrammatic expansion results in the same diagrams shown in Fig. 2, up
to the second-order terms, except for the reinterpretation of all wavy lines as photon steady-state Green’s functions.
There are, however, two versions of each diagram because of the e™™’ and ¢’ coefficients in the electron-photon
interaction terms. One diagram is for a forward-moving photon while the other is for a backward-moving photon.
Diagrams with fermionic loops do not contribute to the expansion. For this nanojunction, the lesser nonequilibrium
Green’s function is

CL
10

t !
Gy () = Gyy(hn)+ fo dt' fo dt” G (1, 6) Moy () [F1( 1) + F( )] Moy () G (2 1)
! !
+ fo dar fo At Gy (1, 0) Moy () [FE( 1) + F5( 7)) Moy (1) Go (1 12) (6)

f f
+ fo dar fo dr’ GSi(t.0) Mey(t) [Ff(r’,t")+Fg(t’,t”)] Moy (1) Gt 1),

where
FT(t,, t//) — G]C]C,(,)r(t/’ t//)D]CIC’(,;(t/’ t//) + G]C]C’(,)<(tr’ t//) chfbr(tr’ t//) + G]C]C’(,)r(t/’ t//)D]CEbr(t/’ t//)’ (7)
CC, ~NCC, CC, ~CC,
F;(l,, t//) — G”,0<(t,, tﬂ)D”,Oa(tN, tr) + G”,Or(t,, f")D”,O<(tN, t/), (8)

. l l cc, e
Fo .y =[Fie|, e = (R Py = GG e DS ),
Cc, 7 CC, ~CC, ~CC, *
and F5(t,t") = G1170<(t’, ) D“;(t”, ),  where D1170>(t’, ) = [D“’;(t’, t”)] ,
the modified photon steady.—state. Green’s function D%C S ) = emr chlc S 1) e and D%C 5, 1) is the steady-
state photon Green’s function with @ = r, a, <, >.
The electron steady-state Green’s functions can be built from the adiabatic switch-on of the coupling between the
leads and the channel. Since time-translation invariance is satisfied in the steady-state regime, the Fourier transforms
of the steady-state Green’s functions are well-defined. For the electron CL steady-state Green’s functions we get, in

Fourier space,

Gloy (B) = G () 55 (B) + G 7 (E) () Gl (B),

Gl (E) = Gyl (E)viy g (E), )
CL.a _ CL.r *

GioaB) = |Gy®)]

where the gl(;b“(E), a € {r,a, <}, are the equilibrium Green’s functions in the left lead. Furthermore, the electron CC
steady-state Green’s functions are

Gy (B) = GUJ(E)I0(E) Gl (E),

By = [E+ip-e -5 ®)] (10)

11,0
Gy = |Gy ®)].

11,0

where the electron self-energy =07 () = vk go"(E) viC +vR g (E) vRC and the ghy"(E) are the equilibrium Green’s

functions in the right lead. The phonon steady-state Green’s functions have the same form as the electron steady-state

Green’s functions except for the substitution of £ — 7w, z-:f — hkf, v% — hk%, vsz - hK%R, and the electron

self-energy 2(f| (E) to the phonon self-energy X0, (E) = Ay do(E) g + Iy doy" (E) s, where the dy"(E)

and d‘;z’”(E) are the phonon equilibrium Green’s functions in the left and right heat baths, respectively. The photon
steady-state Green’s functions are also of the same form as the electron steady-state Green’s functions except for the
substitution of &f — x¥, V& — S5, W} — uX, and the electron self-energy Zecf‘l (E) to the photon self-energy

C, L, R, L, R, PP )
T(E) = uSy Poy (E)ugy + uSy pyy'(E)usy, where the pyi"(E) and p,;"(E) are the photon equilibrium Green’s
functions in the left and right photon beams.
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The electron equilibrium Green’s functions can be determined from the equation of motion of the electrons in

the leads [1, 2]. For the left lead, we get
E+in)— &b V= (ek - E)?
yEEM ey, ‘

gn (E) = St S
g (E) = g ®)] (11)
g () = —fM(E) (g6 (B) - o (),

where fH(E) = [e(E‘/‘L)/ kT 4 1] is the Fermi-Dirac distribution function of the left lead. The equilibrium Green’s
functions for the right lead are of the same form as those for the left lead except for the replacement of all left-lead
parameters into right-lead parameters. The phonon equilibrium Green’s functions are of the same form as the electron
equilibrium Green’s functions except for the substitution of all electron parameters into phonon parameters, the use of
the Bose-Einstein distribution function, and taking into consideration that phonon operators follow the commutation
rule for bosons. The photon equilibrium Green’s functions are of the same form as the phonon equilibrium Green’s
functions except for the substition of all phonon parameters to photon parameters.

NUMERICAL RESULTS

To calculate the time-dependent left and right currents we need to determine the lesser nonequilibrium Green’s func-
tions G]COL’<(t1, t,) and G]2R’<(t], t). These nonequilibrium Green’s functions are expressed as integrals of steady-state
Green’s functions, as shown in Egs. (5) and (7). We calculate these integrals numerically using standard integration
techniques [14].

In our calculations, the electron parameters we use are & = &R = &€ = 0 and V' = VR =€ = 1€ = ) RC = 2 eV,
The left lead parameters are ui. = E; and T~ = 300 K while the right lead parameters are ug = E; — V}, and
TR =300 K, where the Fermi energy E; = 0 and ¥}, is the source-drain bias potential.

0.15 19.5
(a)

017 3 1945
_ 005k i _
<5 f;h 194
2 0 =
(5] o
E 51935

005 E

0.1k 3 19.3

L L L L L L L L
0159 40 60 19255 20 0 60
time [fs] time [fs]

FIGURE 3. The left current (dark line, red online), right current (light line, green online), and average current (black line) for the
nanojunction with electron-phonon interactions in the channel is switched on abruptly at 4 fs. The source-drain bias potential in (a)
is V, = 0 while in (b) itis V, = 0.5 V.

Shown in Fig. 3 are the left and right currents in the nanojunction that is attached to heat baths. The phonon
parameters we use are ikt = kR = 7k = 0.2 eV and it = AR = kC = kC = RC = 0.5 eV. The left
and right heat bath temperatures are 7' }[B =473 Kand T f[B = 273 K and the electron-phonon coupling strength is
M., = 0.5 eV. Electron-phonon interactions are switched on abruptly, i.e., in the form of a Heaviside step function,
at time ¢ = 4 fS. Because T, > T}, phonons flow from the left heat bath to the right bath. At the channel, the
interactions between the electrons and phonons affect the electron current across the device. Shown in Fig. 3(a) are
the left and right currents when there is no source-drain bias potential. Since V};, = 0, there initially is no current
flowing. Then when the electron-phonon interaction is suddenly switched on, electrons start to flow in such a way
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that the left current is directed towards the left lead and the right current is directed towards the right lead, i.e., the
direction of current flow is outwards from the channel, in both directions. The average current /,,, = % (IL(t) + IR(t))
remains zero since the form and sign of the left current are exactly the opposite of the right current. Notice also that
the currents do not instantly flow when the electron-phonon interaction is abruptly switched on but instead they take
time to react, overshoots, and then settle down to steady values. When the nanojunction is attached to a source-drain
bias potential V', = 0.5 eV, we get the currents shown in Fig. 3(b). The left and right currents appear to have the same
form. However, the decrease in the left current is more than the increase in the right current thereby resulting in an
average current that is less than its original value. The electron-phonon interaction, therefore, gives rise to a resistance
that reduces the net current flowing across the device.
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FIGURE 4. (a) The left current in the nanojunction where the photon beam is switched on abruptly at 0 fs. The photon frequencies
are 400 THz (red line), 450 THz (green line), 500 THz (blue line), 550 THz (yellow line), and 600 THz (brown line). The Electron-
photon coupling is M., = 0.5 eV. In (b), the left (red line) and right (blue line) currents when M., = 0.1 eV and the left (green
line) and right (yellow line) currents when M., = 0.3 eV. The photon frequency is 500 THz and ¥}, = 0.

In the nanojunction with an incident photon beam, the photon parameters we use are y* = y® = y© = 0 and
ut = uR = 4 = 4 = uRC = 0.2 eV. The electron-photon coupling strength values we investigated are M,, = 0.1 €V,
0.3 eV, and 0.5 eV. Shown in Fig. 4(a) are the left current values when the frequencies of the incident photons are
varied while the electron-photon coupling is at M., = 0.5 eV. There is no source-drain bias potential. The electron-
photon is switched on in the form of a Heaviside step function at time ¢ = 0. Notice that when the interaction is
switched on the left current dips to a negative value, rises up, oscillates, and then eventually settles down to a steady
value. Also notice that the value and direction of flow of the steady-state current depends on the frequency of the
incident photons. Shown in Fig. 4(b) are the left and right currents when M,, = 0.1 eV and 0.3 eV. Notice that the
left current is exactly the opposite of the right current. This means that the left and right currents would both flow into
the channel at the same time or both flow out of the channel at the same time, maintaining a zero net current within
the channel.

SUMMARY AND CONCLUSION

We are able to calculate the time-dependent current for nanojunctions with dynamical electron-phonon and electron-
photon interactions. We use the two-time nonequilibrium Green’s functions to calculate the current. We find that
the current takes time to react to a sudden change in the device. The current would overshoot, oscillate, and then
settle down to a steady value. Electron-phonon interactions drive the electrons out of the channel and result in a
net resistance to the current flow whenever a source-drain bias potential is present. Electron-photon interactions also
pushes the electron current to flow. The direction of flow, however, depends on the frequency of the incident photons.
Furthermore, the direction of current flow in one lead is opposite to the direction of current flow in the other lead,
thereby resulting in no net current within the channel.
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